EXPLICIT RICCI SOLITONS ON NILPOTENT LIE GROUPS 



MICHAEL BRADFORD WILLIAMS 



Abstract. We consider Ricci flow on two classes of nilpotent Lie groups that 
generalize the three-dimensional Heisenberg group: the higher-dimensional clas- 
sical Heisenberg groups, and the groups of real unitriangular matrices. Each 
group is known to admit a Ricci soliton, but we construct them explicitly on 
each group. In the first case, this is done using Lott's blowdown method, 
whereby we demonstrate convergence of arbitrary diagonal metrics to the soli- 
tons. In the second case, which is more complicated, we obtain the solitons 
using a suitable ansatz. 
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1. Introduction 

The three-dimensional Heisenberg group, also known as Nil'^, is one of Thurston's 
model geometries. It is important in understanding the structure of manifolds and 
Ricci solitons in dimension three, and in understanding Ricci flow as a dynamical 
system for three-dimensional metric Lie algebras As such, it has been studied 
extensively: for example, by Isenberg and Jackson [7], Knopf and McLeod [8], Lott 
[TT] , Baird and Danielo |lj , and Glickenstein ^ . While the behavior of Ricci flow on 
this Lie group is well-understood, the understanding of solitons on general nilpotent 
Lie groups (e.g., in higher dimensions) is nascent. 
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The group Nil"^ is an example of a nilmanifold, which is a nilpotent Lie group N 
together with a left-invariant metric g. We say g is a nilsoliton if g{t) = c(t) -q^g is 
a solution of Ricci flow, for a function c{t) and a one-parameter family of difFeomor- 
phisms {774} of N. The nilsoliton is expanding ii c{t) = t. In [9 , Lauret showed that 
a metric 5 on a nilmanifold is a nilsoliton if and only if RiCg = cl + D, where RiCg 
is the Ricci endomorphism of c € R, and D is derivation of the Lie algebra n. 
Not all nilmanifolds admit nilsolitons, but Lauret also showed (among many other 
things) that when they exist, they are unique up to isometry and scaling. More 
recently, he has shown in [10 that solutions of Ricci flow on nilmanifolds exist for 
all time, and are Type-IIL || Rni((7(i))|| < C/t for t > 0. The methods used involve 
a flow (equivalent to Ricci flow) on the space of nilpotent Lie brackets, where the 
algebraic structure is more prominent. 

Despite this, there are still very few explicit examples of Ricci solitons on nilpo- 
tent Lie groups (to say nothing of Ricci flow solutions in general), and that is 
the motivation for this paper. As we will see, Lauret has answered the question, 
"Do they exist?" We focus on the questions, "What are they?" and "How do 
they behave?" Namely, we demonstrate explicit nilsoliton metrics on two classes of 
nilpotent Lie groups that generalize Nil'^ to higher dimensions. For one class, we 
also show that arbitrary diagonal metrics will converge, modulo rescaling, to such 
solitons. 

Theorem 1.1. Let be the classical Heisenberg group of dimension N = 2n+l, 

with coordinates (x^) and coframe {0^} to be described later. Let g[t) be Ricci flow 
solution on HjsfR, starting at a diagonal left-invariant metric go. 

(a) The solution g{t) has the following asymptotic behavior: 

gu-l^t''''+' 
gNN - 7ivt-"/"+' 

where i — 1, . . . , 2ri, and the 7s are constants depending only on go and n. 

(b) The solution g[t) converges, after pullback by diffeomorphisms, to the solu- 
tion (?oo(i) corresponding to the metric 

n + 2 

This is a nilsoliton with respect to the diffeomorphisms 

ijt{x\ x^", x^) - ir^'^x\ . . .,t-i'^-x^",t-'^-x''). 

Theorem 1.2. Let UT„]R be the Lie group of real n x n unitriangular matrices, 
with coordinates (x*^) and coframe {9^^} to be described later. Then the family of 
diagonal metrics g(t) = gij,ij{t) 9^^ ® 9^^ , where 

is a Ricci flow solution on UT„M. The metric g{l) is a nilsoliton with respect to 
the diffeomorphisms rjt, where 

We make a few explanatory remarks regarding these results. The solitons on 
these spaces were shown to exist by Lauret in [9]. The solitons in Theorem 1 1.11 are 
studied by Payne [15] in the context of a related but distinct evolution equation, 
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the "projectivized bracket flow," introduced in that paper. The existence of the 
metric 17(1) in Theorem 11.21 may also be deduced from results in 16 . The (mostly 
analytic) approach taken in the present paper provides the following additional 
features, which facilitate the study of these solitons as models of infinite-time (non- 
homogeneous) Ricci flow solutions undergoing collapse: 

(1) We demonstrate the existence of an explicit stably Ricci-diagonal basi|3 for 
both families of metrics. 

(2) We construct explicit families of diffeomorphisms that exhibit both fami- 
lies of solitons — a priori solutions of a static elliptic system — as time- 
dependent solutions of the Ricci flow parabolic system. 

(3) We deduce the asymptotic behaviors of solutions g{t) in Theorem 11.11 
which do not readily follow from the corresponding results for projectivized 
bracket flow. 

The structure of this paper is as follows. In Section[2]we recall Lott's blowdown 
method for finding solitons, and review the three-dimensional example case. Sec- 
tion [3] focuses on Heisenberg groups. In it, we examine more closely the structure 
of the classical Heisenberg groups, and compute their Ricci tensors. Using these 
computations, we write down the Ricci flow equations and describe the asymp- 
totic behavior of solutions. Then we find the solitons with the blowdown method. 
We conclude with analysis of collapse of compact quotients of Heisenberg groups, 
interpreted as Riemannian groupoids. 

Section [4] focuses on the (significantly more complicated) spaces of unitriangular 
matrices. We review essential properties of these spaces, and compute their Ricci 
tensors with the aid of a computer algebra system. Finally, we analyze the Ricci 
flow, and construct the Ricci solitons. 

The appendix contains the derivation of some helpful formulas for curvature of 
Lie groups. 

2. The blowdown method 

In this section, we recall a method for finding solitons that Lott used extensively 
in [11]. We also review the Heisenberg soliton in three dimensions. As mentioned 
above, this example appears in several other places, but we include it here for 
completeness, to establish notation, and to motivate the procedures (adapted from 
the above references) that we will use in the general case. 

Let M be a manifold with local coordinates (x^, . . . , a:"), local frame {Fi, . . . , i^n}, 
and dual coframe {6*^, . . . , 0"}. Suppose that (M, g{t)) is a type HI Ricci flow so- 
lution such that the metric git) stays diagonal, and that its asymptotic behavior is 
given by some other metric g{t). We write 

g{t)=g,{t) e'®6\ 

wher 

^9i{t) ~ 9i{t) for alH = 1, . . . , n. Consider the blowdown of this solution, 

9s{t) = -g{st), 



A stably Ricci-diagonal basis is a basis of the Lie algebra (equivalently, a left-invariant frame) 
such that the Ricci tensors of any family of diagonal metrics are all diagonal. Such bases do not 
always exist. 

•^We use the symbol ~ to mean a{t) ~ b{t) if and only if lim | ^ = 1. 
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which itself is another Ricci flow solution. The behavior of gs (t) as s — >■ oo tells us 
about the behavior of the original solution g(t) whenever t is large. 

Note that it does not matter in which order we take a blowdown or find asymp- 
totics. Namely, 

9i{t) ^ gi{t) -mist) ^ -gt{st). 

s s 

The goal is to find a family of diffeoniorphisms {4>s: A/—!- A/}s>o, such that 
(j)*gs{t) is a Ricci flow solution for each s, and such that 

ffoo(i) = lini (j)*sgs{t) 

exists. By Proposition 2.5 in Tl , this limit (whenever it exists) is a soliton metric 
on M. 

Note that for the above limit to exist, it is necessary that (j)*gi{st)/s is finite and 
positive for each fixed s and t. In explicit calculations, it is extrememly helpful to 
choose the family {(j)s] such that 

(j)ie' = a\s) e' 

for all i and for some functions a*(s). This is usually straight-forward when the 
solution is diagonal. 

Example 2.1. Consider the Lie group 



Nil^ = 




a;,y, z G K > C SL3 



We obtain global coordinates (x, y, z) from the obvious diffeomorphism with 
Then the group multiplication is 

{x, y, z) ■ (z', 2/', z') = (x + x', y + y' , z + z' + xy'). 

There is a frame of left-invariant vector fields, 

d ^ d d ^ d 

ox ay oz oz 

and the only nontrivial Lie bracket relation is 

[Fi, F2] — F3. 

The dual coframe is 

6^ = dx, 9'^ = dy, 9^ ^ dz - xdy. 
A family of left-invariant metrics on Nil'^ is given by 

g{t) = A{t) 9^(E)9^ + B{t) 9^® 9^ + C{t) 9^ ® 9^, 
and the Ricci flow is the following system of ordinary differential equations: 
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It is well-known that the flow will preserve the diagonality of an initial metric, and 
the solution (with asymptotics) is 

A{t) = AoK-^/^{t + Kf/^ ^ AoK-^/h^'\ 

B{t) = BoK-^'^t + Kf'^ ^ BoK~^'H^'\ 

C{t) = CoK^/'it + K)-^/^ ^ CoK^'h-^'\ 

for the constant 

This solution exists for all time, but as t — oo, we see that A,B—i' oo, and C — > 0. 
This is known as the "pancake" solution, as two directions are becoming more and 
more spread out, while the third is collapsing. 

Calling the asymptotic solution g{t), we see that the blowdown is 

gs{t)^AoK-'/'s-^/h^^^e'®e' 

We now want to find the appropriate diffeomorphisms (j)s- Suppose that they 
are of the form 

(t>s{x,y,z) = {a{s)x,l3{s)y,j{s)z). 
It is simple, then, to see that the functions 

Pis) = {BoK-'^')-'^^s'^' 
7(s) = a{s)l3{s) = (AoBoK-^^^'r^^^s^/' 
work as desired. Thus, 

and there is no need to take a limit. A quick check shows that this is still a solution 
to Ricci flow, and that it satisfies 

for the diffeomorphisms 

The metric 5oo(l) is the unique nilsoliton in dimension three, as seen in [llj . [I], 
and [S]. 

Remark. Regarding the uniqueness of these diffeomorphisms in general, it is ex- 
pected that if we have two families of diffeomorphisms, {(l)s} and {ijj}s, that satisfy 
the above properties, then 

lim o 0j 

s— ^00 

exists and is a diffeomorphism, even though 0s and ips may not converge to diffeo- 
morphisms individually. 
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3. NiLSOLITONS ON HeISENBERG GROUPS 



3.1. The classical Heisenberg groups. We now recall the construction and 
properties of the higher-dimensional, classical Heisenberg groups. In terms of the 
framework outlined in [2| , these are simply connected Lie groups corresponding to 
generalized Heisenberg algebras of the form n — D ® 3, where 3 is one-dimensional. 
However, we will need a more explicit description. Let n be a positive integer, and 
set = 2ri + 1. The useful representation for us is 



H 



1 




C 




In 















where /„ is the n x n identity matrix and € 
multiplication is again matrix multiplication: 



, c e R ^ c SL„+2 ] 



is the zero vector. Group 



1 


ai 






0.2 


C2\ 




{l 




In 






In 






















If- 






It- 









ai 



0.2 



Cl 



If- 



- C2 



-St 



or more briefly. 



(St 



at, 61 + 62 , Cl -I- C2 -f Oi ■ ^2 



— )• 



(ai, 6i,ci)(a2, 62, C2) 

where • refers to the standard Euclidean inner product. Clearly, this is a Lie group 
of dimension TV. It is easy to see that the Lie algebra of Hj^M. is 




f)wR = 



where 0„ is the n x n zero matrix. 

If {e^} is the standard basis for 
()ArR. Define 



Ei+n — 




^, then we can describe a convenient basis for 



En — 







It- 






o„ 




(t 


If 





If- 






where 1 < i < n, so that the basis is ordered as follows: 

El, . ■ ■ , En , Ei+n, . . . , E2n , En ■ 

In what follows, lower case Roman indices will always range over 1, . . . ,n (or some- 
times 1, . . . , 2n) and Capital Roman indices (with the exception of N, which is 
fixed) will range over 1, . . . , A^. 

The Lie bracket on f)ArR is the usual matrix commutator, so the bracket relations 
are 

[Ei,Ej] — [Ei,EN] ~ [Ei+n, Ej+n] — [Ei+n, En] — 0, [Ei,Ej+n] — SijEN- 
Thus, the only non-vanishing stucture constants are of the form 

(1) Cj = 1. 
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We have a difFeomorphism HnR = R , which gives us coordinates: 



(2) 



/I 

1 




\0 



2:" \ 
a;i+" 



{x\ 



n 1+n 



1 / 



With respect to these coordinates, we can find a left-invariant frame with the same 
bracket relations as those above, and then find its coframe. 



Lemma 3.1. With respect to the coordinates from Hj^I 
left-invariant frame {Fj} and dual coframe {0^}: 



has the following 



Fi+n — di+n + X^djy, 



dx\ 
dx'+" 



F, 



N 



d 



N, 



dx 



N 



The frame {Fi} satisfies the same bracket relations as the basis {Ej}. 

3.2. Computing the Ricci tensor. We wish to analyze solutions to the Ricci 
flow 



starting at some initial metric go. By Lemma 13.11 any one-parameter family of 
left-invariant metrics, and therefore any Ricci flow solution, g(t) on iJjvM can be 
written as 

g{t) = gijit) e'®e'. 

Analysis of these solutions requires a detailed understanding of the Ricci tensor. 
For this we will use formula (I2ip from Appendix [XI which utilizes the Lie algebra 
structure. We break that equation apart as follows: 



(1) 



P Q P Q , P Q P Q 

(^jMCpi9QK - Cj^ic'^j^gqi + Cj^jc'^^jgQj - CKiC^jgqM 



(2) 



a'^'hpQ ■ 



(3) 

The computations are relatively straight-forward, though lengthy, and so we omit 
them. We simply remark that for each of the three pieces of Rjj — i?/j(l) -I- 
i?/j(2) 4- i?/j(3), one must consider six cases depending on index combinations: 



Ri N, RnN- 
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We can see this structure in the foUowing N x N matrix: 





f 

Rij 


Ri,j+n 


RiN 


Rij = 


Ri,j+n 


Ri+nJ+n 


Ri+n,N 




\ RiN 


Ri+n,N 


Rnn 


n 




n 2n 





If we set 



V \ ^ Jim ^k-\-n,m-\-n \ ^ 

^ - 2^ 9 9 - ; , 

k,m=l k=l m=n+l 

then the components of the Ricci tensor are 



E 



km k-\-n,'m—n 



Rij = - ^9'^"'^^"9nn + ^giNgjN^, 

Ri,j+n = 29''^"'^ 9NN + -j^9iNgj+n,N^, 
RiN = 29iN9NN^, 
Ri+n,j+n = — -j^g^^gNN + 29i+n,j+n90N'^, 
Ri+n,N = 29i+n,NgNN'^, 



Rnn = 29nn^- 

3.3. The Ricci flow. Due to the complexity of the inverse of g, solving the Ricci 

flow system for arbitary initial data is intractable. Instead, we assume that wc have 
diagonal initial data, and show that the flow preserves diagonality. So, if we assume 
that gij = g^'^ = for all I ^ J, then we claim that Rij = as well. Prom now 
on, we only use single subscripts for the metric components: gi,. ■ ■ ,gN- 
We first note that when g is diagonal, we have 



(3) 



Then we have 



n n ^ 
■£ _ ^ gkkgk+n,k+n _ ^ i 



fe=l 



k=l 



gkgk+r. 



Rij 


1 - 2 5 9n 


iii = j 
if i ^ j 


Ri,j+n 


= 0, 




RiN 


= 0, 




i+n,j+n 


i-h'9N 


if I = j 
if i ^ j ' 


Ri+n,N 


= 0, 




Rnn 
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This means that the natural basis for f)jvR (or the frame for iJjvR from Lemma [3TT|) 
is stably Ricci-diagonal. In other words, the Ricci tensor stays diagonal under the 
flow, and we have some hope to understand the behavior of the Ricci flow system: 

(4) -T.9^ 



dt g, 

(6) -t:9n = -g-N 2^ = ~9n^ 

dt ^ 9k9k+n 

for i = 1, . . . , n and iV = 2n + 1. 

Remark. It is possible to find an explicit Ricci flow solution in some cases. For 
example, make following ansatz. Let X{t) = t ^- K, where K is some constant 
depending on the initial data. This means X{0) — K and X'(t) — 1. Then we look 
for solutions of the form 

g,{t) = 7^^'/"+', 9o.it) - 7a^'/"+', 9N{t) = jnX-^/^+\ 

However, when solving for K, constraints on the initial data appear. In particular, 
a solution of this form requires initial data to come from an [n + l)-paramater 
family of diagonal metrics. 

Here we again note that there is indeed a Ricci soliton on HnR- This follows 
from a theorem of Lauret. 

Theorem 3.2 {[9\). A homogeneous nilmanifold {N,g) with corresponding metric 
Lie algebra (n, (•, •)„) is a Ricci soliton if and only if {n, (•, •)„) admits a metric solv- 
able extension (s = a © n, (•, ■)^), with a Abelian, whose corresponding solvmanifold 
{S, g) is Einstein. 

The simply connected Lie group corresponding to the Lie algebra s — ()ArM M 
is an example of a Damek-Ricci space. These are known to be Einstein manifolds, 
and their Lie algebras are metric solvable extensions as in the theorem; see [2] for 
details. Therefore, there is a left-invariant metric g such that {Hj^M.^g) is a Ricci 
nilsoliton. 

As mentioned in the introduction, this metric is unique up to scaling and isom- 
etry. We will describe it explicitly. 

3.4. Asymptotics of general solutions. Now we consider the behavior of arbi- 
trary diagonal solutions of Ricci flow. From this we will obtain the nilsoliton using 
the blowdown method. 

Assume that gi, . . . ,g2m9N solve the Ricci flow. As diagonal components of a 
metric, they are positive functions of t. We can use ([3]), ([51), and (O to see that 

d 9i d gt+n ^ p 



dtg^+n dt gi 
d d 

-T;91 ■ ■ ■ 9n9N = -T:9l+n ■ ■ ■ 92n9N = 0. 

dt dt 
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This means these quantities are conserved (i.e., constant), so we set 



A, 


9i 


5^(0) 




9i+n 


5i+n(0)' 






_ 9i+n 


5i+n(0) 




'i+n 


9i 


5.(0) ' 






= 51 • • • 


9n9N = 51 (0) • 


••5„(0)5Ar(0), 


C2 


= 9l+n 


• ■ ■92n9N = 5H 


^„(0)...52n(0)5Jv(0), 



where 1 < i <n. Note that AiBi+n — 1, and that 

(7) ^1 ^ (J ^2 ^ ^ 

n 

We rewrite the Ricci flow equation for gf. 

/ox d QN 9i . gN 

(8) -J:9^^ ^A, — , 

dt 9i+n gi 9% 

and similarly 



d 2 r,^ 9n 



(9) -r.9i = 25,^ - 2A,gN, 

Ul 9i+n 

which can be solved by integrating. 

Note that (j4|) implies that gi is an increasing function, so E is positive and 
decreasing by ([3|). Then equation ([6]) implies that g^ is a, decreasing function, and 
since it is positive we have 

^5iv = -9%^ > -S(0)5^, 

and this implies 

(10) 9N{t) > ^ 



5jv(0)-i +S(0)t' 



If we set Gpfit) = gN{r)dr, then this is a positive, increasing function. By 
TUl). we see that 



pt ft 
lim G'Ar(i) = lim / gjs[{r)dr > lim / 



dr 

= 00, 



so G'Ar(t) — 7^ 00 as i — 00. Using © we have 

g^itf ^g,iO)^ + 2A,GN{t). 
li 1 < i ^ j < n, we use this to obtain 

Um ^ = lim + ^A,GN{t) ^ A 

ti™ g,(0)2 + 2yljG'Ar(i) ' 

This implies that 



(11) 5i ~ \ hrdh 9t+n ~ 5j+n- 



V 



EXPLICIT RICCI SOLITONS ON NILPOTENT LIE GROUPS 



11 



Since Ci is conserved, for each fixed 1 < z < n, we have 

Ci 



Qn 



gi---9n 



U9r 



AY 



(12) = v/irc^5r", 

by (fTTj) . With reference to ([8|), this gives 



9i 



We would like to see that the solution gi to the equation 

d 



(13) 



dt- 



-(n+l) 



is asymptotically equivalent to gi. For this we need a basic lemma. 
Lemma 3.3. Suppose that u{t) is a solution to the ordinary differential equation 

d 



dt 



u — c, u{0) = Uq, 



where c > 0, and that v{t) is a solution to the asymptotic equation 

d 



dt 



v = c(f + e(t)), v{0)^vo, 



where e{t) — >■ as t ^ oo. Then u/v 1 as t ^ oo. That is, u ^ v. 
Proof. We can solve both equations by integrating: 



u{t) = uq + c J ds — t (^-^ + cj , 

v{t)=va + cj^ {1 + e{s)) ds = t + c+ J e{s) ds 

To analyze the ratio u/v, we must know the behavior of the integral term in v. 
Note that, as a positive increasing function. 



I Hs)\ds — >Le(0,oo] 



as t — ?> oo. li L < oo, then 



lim - 

i— >oo t 



e{s) ds 



t^oc t 



< c lim — / |e(s)| ds < cL lim — 



foo t 



On the other hand, if L = oo, then 

nt 

e(s) ds 



lim 

t— i-oo t 



[ e(s) ds < c lim — [ |e(s)| ds ^ c lim J—^ 
Jo t Jo 1 



This means 



lim — = lim ; 

t^oo w t^oo Bi + c + f /o e(s) ds 

by the squeeze theorem. 



□ 
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Note that equation ([13]) is equivalent to 

and equation (jS]) is equivalent to 

j^g-+' = {n + 2)A,g^gM. 

By (fT2l) . the right sides of these equations are asymptotically equivalent. Now, 
taking u = .g""*"^ and v = g""*"^ in the Lemma, we see that gi ^ gi. 
Equation (|13p has an explicit solution: 

(14) ={n + 2)i/"+2 VA;(CiC2)i/2("+2'ti/"+^ 

We can plug this into (IT^ to obtain 



5w 

^1 _^-ri/n+2 



{n + 2)"/"+V^i • • ■ A„(CiC2)"/2("+2) 

(15) = (n + 2)-"/«+2(ClC2)^/"+^^-"/"+^ 

which we call ^at. Note that this is independent of i. 

We can repeat these calculations starting with g^ — C'2/.gri+i • • ■ 32n to obtain 

g,+„ = (n + 2)V"+2yi^(CiC2)i/^("+^)ti/"+^. 

If we plug this back into gN — C2/ gi+n ■ ■ ■ g2n, then we get the same result for gpf 
that we found in equation (jl5l) . Putting everything together, we have the following 
result. 

Theorem (ll.lf al). // go is a diagonal left-invariant metric on _ffjvR, then the 
solution g{t) of Ricci flow, with g{0) = go, has the following asymptotic behavior: 

g, ^ (n + 2)i/"+2v/i;ci/2("+2)ii/"+2^ 

^ (n + 2)l/"+2/B^Cl/2("+2)^l/"+^ 
<?Ar - (n + 2)-"/"+2ci/«+2i-"/«+2^ 

where 

^» = mi' B,+n = 77^, C^gi 0)---g2n(0 gjv 0) . 

Remark. These asymptotics coincide with the case n = 1 from Example 12.11 

3.5. The nilsoliton. Writing g{t) for the asymptotic solution of Theorem 1 1.1 f a), 
we now use the blowdown procedure of Section [2] to obtain the soliton metric. The 
components of gs(t) are 

(g^m = (n + 2)i/"+2^y'ci/2("+2)5-(«+i)/n+2^i/„+2^ 

(g^m+n = (n + 2)l/"+2Bl/2c'l/2("+2),s-("+l)/"+2il/n+2^ 

{gsit))N = (n + 2)-"/"+2ci/"+2t-"/"+2. 
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Using the coordinates and coframe from Subsection 13.11 we seek diffeomorphisms 
such that (l)*gs{t) is a metric for all s, and 

lim (j)lgs{t) 

s—>oo 

exists. Suppose that (j)s is of the form 

for some functions a^{s). Then we have 0*0* — a^{s)9'^ for 1 < i < 2n. When 
1 < i < n, setting 

a\s) = (n + 2)"^/2("+2)yl7^/'*C"^/''("+^^s("+^^/^("+^) 
gives, for fixed i, 

{{gsm 0' ® e^) = a\sf{g,{t)\ 0' ® 9' ^ t'/"+^ 9' ® e\ 
Next, note that 

a*(s)a^+"Gs) - („ + 2)-i/"+2C-i/2(«+2)^n+i/«+2^ 

and this does not depend on i. Therefore, if we set a^(s) = a*(s)a*+"(s), then we 
have 

n 



i=l 



and so 



0: ((<?.(i))iV = ^_^-"/«+2 ftN ^ f)N 



n + 2 

1 



+ <-"/"+2 9"^ (E)9^, 
n + 2 



We have a limit metric 

5oo (i) = C5s (<) = ® 01 + • • • + ® e 

and to verify that it is a soliton, we seek diffeomorphisms {rjt} such that gco{t) 
satisfies 

goo(i) = tT^lg^il). 

For some numbers o and 6, suppose that the diffeomorphisms are of the form 

77t(x\...,a;2",x^) = . . . , t'^a;^", i^x^). 

Then for 1 < i < 2n, we have r;*0^ = and, if 6 = 2a, 77^*0^ = i''0^. This means 

.2b+l nN ^ nN 



trilg(l) = t2°+i f0i (g) 0i + ■ • • + 02" ® 02" + 

V J n + 2 



For this to equal g{t), we must have 
1 



2a +1, - = 2fe+l, 



n+2 n+2 
which implies 

ln+1 , ^ n+l 

a — , = 2a = . 

2n+2 n+2 

Thus, g(t) is an expanding Ricci soliton with respect to the diffeomorphisms 

r^t[x\ x^", a;^) - {t-^^x\ . . . , i'^^x^", i'^x^). 
To summarize, we have another result. 
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Theorem (jl.ll (b)). Let have coordinates (a;*) as in and coframe as in 

Lemma \3.1[ Let g{t) be any solution to Ricci flow on with diagonal initial 

data. For the diffeomorphisms {(ps} defined as above, we have 

lim -4>l9{st) = f 6»i ® + • • • + 6|2" ® O^A + ^_t-«/"+2 qN ^ gN 

s->-oo 5 V / n + 2 

= 9oo{t)- 

The metric (7oo(l) is a nilsoliton with respect to the diffeomorphisms 

r]t{x\ x^", x^) = . . . 

The behavior here is analagous to the "pancake" effect mentioned in Exaniple l2.1l 
The first 2n directions become more and more spread out, while the last direction 
collapses. More precisely, there is Gromov-HausdorfF convergence to (R^",(7can)- 

Remark. The diffeomorphisms and rjt here, and those in Example 12. 11 are actu- 
ally group automorphisms. Compare with Remark 3.1 and Section 4. 

Remark. Looking at the three-dimensional nilsoliton, one can extrapolate with the 
following ansatz: 

9i ~ 9i+n = i", 9n = ct^, 

for some numbers a, b and c. Using the Ricci flow equations, it is easy to obtain 

1 , -n 1 

a — , — , c = . 

rt + 2 n-f2 n + 2 

Thus, 

9m = 9^+n{t) = 9N{t) = 

n + 2 

which is the nilsoliton goo above. This does not provide any information about 
behavior of general solutions, however. 

3.6. The groupoid interpretation. In TT] and [T2], Lott initiated the use of 
Riemannian groupoids in understanding the notion of convergence under Ricci flow. 
One motivating issue is that, as in the case of Nil'^, the limit of a Ricci flow solution 
(Af, as i oo may not be an object of the same dimension (i.e., it may 
collapse). This means some data has been lost in the process of taking the limit. 
The groupoid formalism provides a way to keep track of all such data (e.g., the 
limiting object has the same dimension as M), and to provide a picture of the 
limiting behavior that is similar to, but more convenient than, the usual Gromov- 
Hausdorff notion of convergence. One may consult [11] and [S] for background on 
Riemannian groupoids, or the books [13] . [14) for a more general introduction to 
groupoids. 

Our analysis here follows the examples found in 5 , which give concrete pictures 
of collapse. Here is the basic idea, tailored to our present context. In order to 
understand the collapse under Ricci flow of certain compact, locally homogenous 
manifolds arising as quotients of HnR, we replace such a manifold (M = HnW/T, 9) 
by its representation as a Riemannian "action" groupoid, {Hn^ »T,g). Also called 
a "cross-product" groupoid, this is an object whose orbit space is M. Here, 

tt: (FArK,5) (M.g) 

is the universal cover with induced metric, and T C is a discrete, cocompact 

subgroup that can be interpreted in several ways. It is the fundamental group 
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7ri(-M, Too), the group of deck transformation of the cover, or a group of isometries 
acting transitively on {HN^,g)- In any case, it acts by left translation on Hn'^- 

If g{t) is a Ricci flow solution on M, then we are considering a solution g{t) on 
HnR. By the prevous section, the blowdown technique provides a sequence 4'ggs{t) 
of metrics converging to a metric goo{t), where 5oo(l) is a soliton. To understand 
the limiting behavior as s — )■ oo, we now consider 

Note that the subgroup Tg acting on HnM. depends on s, since the metric is chang- 
ing. If, in the limit, this sequence of discrete subgroups converges to a continuous 
subgroup, then there is collapse. Therefore, we must understand how these sub- 
groups evolve. 

Recall that the blowdown metrics gg (t) are obtained using diffeomorphisms 

x"") = {a\s)x\ a^(s):r^). 
(The explicit forms of the a's are not imporant here.) Then the limit is 



5c 



Without loss of generality, after change of coordinates we can take Tg to be an 
integer lattice. Therefore, write elements of Fg as 

hz{s) = K^g),...,z'^ig) = {z^{s),...,z^{s)) , 

with z'^{s) e Z. These isometries act on (if/^M, ^^(f)) by left translation and, as 
deck transformations, they pull back by conjugation. Therefore, 

aHs)'"' a^"{s)' ^a^(s)^ai(s) a"(s) 

using the component-wise form of the group multiplication. 

It is a basic fact that, given any strictly increasing sequence {cfj} with aj — ?• oo 
as j — >■ oo, and any u G M, there is some sequence of integers {tj} such that 
Tj/dj u. Indeed, take r, — \<yju\. 

Therfore, consider any strictly increasing sequence {sj} with Sj ^ oo as j — >■ oo. 
The sequences {oi\sj)} are also strictly increasing. Then given any real numbers 
u^, . . . , u'^ , we may choose z'^{sj) € Tg. such that 

lim 44 = u\ lim 4^ = = ■ 

This means that as j — >■ oo, the isometries (j)*g.hz converge to isometries /i„ of gooit) 
that act on TJatR as follows: 

K{x^,..., .T^", x^) = + . . . , + x^ + + u^x''+^ +■■■ + u^x^"). 

The were arbitary real numbers, so every element of JJjvK is attained this way. 
This means Tg. converges to a continuous group: the entire group HnR. 
We conclude that 

lim {Hn >i Tg.,cj,* gg.{t)) = (ifjvK x ifjvK, 5oo(i)) 
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as Riemannian groupoids. There is maximal collapsing, as the orbit space of the 
groupoid Hn^ >^ Hn^ is a point. This is the same behavior seen in the three- 
dimensional case. 

Remark. Note that this is a different description than the "pancake" model de- 
scribed earlier, which occurs as t — >■ oo. The model here illustrates collapse as the 
metrics converge to the actual soliton metric. 



4. NiLSOLITONS ON SPACES OF UNITRIANGULAR MATRICES 



4.1. Unitriangular matrices. Let UT„M C SL„M denote the collection of real, 
unitriangular nxn matrices under matrix multiplication. These are matrices with 1 
on the diagonal and below. This is a Lie group of dimension N = (J^) = n(n— 1)/2, 
and UT„R = K^. These groups are nilpotent, and are in some sense "model" 
nilpotent Lie groups. Indeed, it is a consequence of Engel's theorem that every 
simply connected nilpotent Lie group is a subgroup of UT„ M for some n. 

The Lie algebra ut„M of UT„ R consists of upper-triangular matrices with on 
the diagonal. It has a basis 



{%} 



l<i<j<n 5 



where Bij is the nxn matrix such that that 



In other words, Bij is the matrix with 1 in the (i, j) component, and zero elsewhere. 

This Lie algebra inherits the Lie bracket from 0t„]R. To describe the bracket, 
note that ii i < j and k < I, then 

{BijBhi)pg = y^^iBij)pr{Bhi)rq = SipSjrSkrSlq = SipSlgSjk = Sjk{Bii)pq, 

r r 

which implies 



i3,^kl\ = SjkBu — SilBkj, 



[Bij , B, 

and so the structure constants are 

(16) C^lkl = ^ip^lq^jk 

Any diffeomorphism UT„ 1 



(17) 



/I 




. 









1 














1 • 












• 


1 









• 





1 



^ gives us coordinates, so let us take 



{X 



12 



„n—l,n 



I 



With respect to these coordinates, wc can find a left- invariant frame with the same 
bracket relations as those above, and then find its coframe. If a = (a^ ) and h = {bij) 
are elements of UT„ R, the multiplication rule is 



x'^ (a • 6) = x'^ (a) + x'^ (6) + ^ x''' ia)x''^ (6). 

i<k<j 
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Lemma 4.1. With respect to the coordinates from |j7| j, the space UT„R has the 
following left-invariant frame {Fij} and dual coframe {0''^}: 

k<i 



i<p<j 



where 



k=0 i<ri< - <rk<p 

and the inner sum ranges over all ordered subsets of {i + I, i + 2 . . . , p — 1} of size 
k. The frame {Fij} satisfies the same bracket relations as the basis {Bij} above. 

4.2. Computing the Ricci tensor. Our goal is to analyze solutions of Ricci flow 
on UT„K. By Lemma [4. fl such metrics g{t) can be written as 

9{t)=g^Mt)S'' ^S'^'- 

Once again, our analysis requires us to understand the Ricci tensor, and equation 
(f2T|) still applies. In terms of UT„IR, where double indices are needed, we can 
rewrite it as 

(18) 

4:Rij,kl = 

V'^'pq,ij^kl,rs + '^pq,kl'^ij,rs ~ '^pq,rs'^ij,kl\ 9 ytu,vw 



{1> 



' \ykl.rs'-'tu,ijyvw,pq '^kl,rsHu,pqyvw ,ij ^ '-pq,ij'~'tu,rsilvw,kl ^pq,ij'^tu,kiyvw,rs\ y 



(2) 



' l\"'pq,kl ^ "•kl,pq)\"'ij.rs ' "Ts^ij ) K'^pq.rs ^ '^rs,pq)\'^ij,kl ^ '^kl.ij )] 9 ytu.vu 



(3) 

where l<p<q<n,l<r<s<n,l<t<u<n,l<v<w<n. 

With the help of a computer algebra system, we can substitute (IT51) and a double- 
indexed version of (j22p into this rather unwieldy formula to obtain the following 
enormous expressions. 



4R 



ij , k I 



(1) 



E 



+gtu,vmgP'''''''SivSjls5lia5ps5qu5rt 
—gtu,vwg^'''^''5is&jwSkqSluSptSrv 

-\-gtu,v'wg^'''^''Sis6j^SktSipSquSrv 

+'2gtu,vwg^'^'^''&it&jp&ks6iwSt 



\<.p^q<in 
l<r'<s<7i 
l<t<u<n 
l<ij <uj<n 



'jp^ks^lw^qu^rv 
~\~gtu,v'wg'^^^ ^il^jw^kv^pt^qr^su 

— gtu,v'wg^'''^"Siv^jk^lw^pt^qrSau 
+ 'igtu,vwg^''''^''SiqSjuSkvSlrSptSaw 
+gtu,v'wg^''''""Si^SjrSkq^lu^ptSsw 

— gtu.vwgP^'^^^iv^jr^kt^lp^qu^sw 

—'2gtu,vwg^'''^''SitSjpSi^^Si^SquSsw 
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4R 



■ij , k I 



(2> 



E 



l<p<g<n 
l<r<s<n 
l<t<u<n 
l<v<w;<n 



— 9vw,pq9^^'^^SiuSjwSks^lu^rtStv 

~\~9vw,pq9^^^^^ ^iu^jvj ^kt^lr^su^tv 
~9vw,ij9^^'^^^kt^lr^pu^qw^su^tv 
■^9vw,kl9'^^''^^ ^iq^ju^pt^ru^sw^tv 
~9vw,kl9^'^'^^^it^jp^quSruSswStv 



~\~9vw ,pq9'^ 
9vw ,ij 9^ 



uw 



— gvw,kl9^'''^''SiqSju5ptSrv5st5uw 

yvw ,pqy 

+9vw,ijg'"''''''Sk 



'^Rij,kl (3) 



E 



l<a<6<?x 
l<c<d<n 
l<p<q<n 
l<r<s<n 

l<t<U<7X 



-gmn,abgpq,efgrs,tug"^"''">g'~^'''"'g*"-''"^SavSblScjSdfieiSk-w 
— gij,efgmn,abgrs,tug'""''^''g''"''"'^g^'"''^'''SavSbl^cqSdfSepSkw 
+gmn,abgpq,efgrs,tng"'"'P''g'-''''''^g'''''"'SavSblSceSd^SfjSk^ 

+gij,efgmn,abgrs,tug"^"'^''g^''''"^ g^"''^'^&av&bl^ce&dp^jq^kw 
+gmn,abgpq,efgrs.tug'^"'''''g'^''''"'^g^"''"'SakSbwScjSdfSeiSl^ 
+gij,<iSgm.n,abgrs,tug^^"'^''g^"'"^ g^"''^'^&ak&bw Scq^df^epSlv 

-gij,efgmn,ab9rs,tv.g"^""'"^g''"''"'^g*'^''"'SakSbwSceSdpSfqSlv 
+gkl,ef9pq,ab9rs,tug'^"'P''g''''''"'^g*'^''"^SavSbnScjSdfSeiSmw 

-gkl,abgpq,efgrs,tug"^""^''g^'''^^g^^''^'^&av&bn&cj&df 



r9ij,ef9pq,ab9rs,tuy 



g 



avOtnOclOdfOek" 



— gij,efgkl.abgrs.tug'^'^''"''"'g'^"'^'^g^"''^''SavSbnScqSdf^epSmw 
-gkl,efgpq,abgrs,tug"'"'P^g'-'''''^g*'''''^SauStr,SceSMSfjS,„^ 
+gkl,abgpq,efgrs,tug"'"'P''g'-'''''^g'''''"'SavSbuSceSdiSfjS„,^ 
-gij,efgpq,ab9rs,tug"^"-'"'g''''-'''"g*^-'"^SavSbniceSdkSflSmm 
+gij:ef9kl,ab9rs,tug"'"'P''g"''""g*''''"'SavSb„5ceSdp5fq5m^ 
-gkl,ef9pq,ab9rs,tug"^'^''"'g''"''"^g^'^''"''Sam.SbwScjSdfSeiS: 
+gkl,abgpq,.f9rs.tug"'''-P''g'-'-'""g*''-'''^SamSb^,Scj5dfSeiS., 
-gi3,cfgpq,abgrs,tng"'"''"'g'''''''^g*"''"'SamSbn,SclSdfSekSnv 
+gzj,cfgkl.abgrs.tng'''''-"'P''9'~^''''"'g^"''"'SamSbwScqSdfSepS„v 
+gkl,efgpq,abgrs,tug'""'P^g'-''''''^g*'''''^SarnSt,,5ccSd,Sfj5nu 
-gkl,abgpq,efgrs,tug'^'^''P'^g''"''"'^g^'^'''''^Sara&bw&ce5dz&f]&' 

^ ^ ^ ^.riirL.pq ^rs.vw ^tu.cd z X X X X X 

— 9ij,ef9kl,ab9rs,tu9 9 9 OamObwOceOdpOfqO. 

-^9kUef9rnn,ab9TS,tu9'^'^'^'^9''^''^'^9^''''''^^av^hq^cj^dS^ei^P'in 
'^9ij,ef9mn,ab9rs,tu9'^'^'^'^9'^^''"'^9*'^''''^^avhq^cl^df^ek^pw 
-9kl,ef9rnn,ab9rs,tug'^'''^''9'''^'''^9'''''''^SavSbqSc^^^^ 
-9ij,ef9rnn,ab9rs,tu9'^'^'^'^9'^^''"'"9^'^''''^^^avSbqSceSdk^flSpw 
~9kl,ef9mn,ab9'' 



nv 
nv 



nv 
nv 
nv 



~gij,efgmn.abgrs,tug"^^'^'^ g^"'^'^ g^^''^'^&ap&bw ^cl^df^ek&qv 
+gkl,efgmr,.abgrs,tug"'"''"'g''''"^g'''''"'SapSb^SceSd^SfjSqv 
^ +gij,efgmn,ab9rs,tug"'"'P''g''''''""'g^"''"^SapSbwSceSdkSflSqv 

Let us describe how obtain something usable from this. First, the expressions 
simplify somewhat, due to the presence of myriad Kronecker deltas. For example, 



E 

l<p<g<n 
l<r<s<n 
l<t<u<n 
l<v<w<n 



9tu 



V 9^^ ^il ^jw ^kv ^ps ^qu ^rt 



9rq,kj9 

l<p<q<n 
l<r<p<n 
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Even after simplifying each term in this way, the resuh is still hopelessly compli- 
cated. So, in order to analyze it effectively we must assume that the inital metric 
g is diagonal, and then show that the Ricci tensor stays diagonal. Then the above 
expressions can be simplified once again by dropping any terms that vanish due to 
off-diagonal metric factors. For example, 

l<p<q<n 
l<r<p<n 

Again, we do this for each term, and we must show that the off-diagonal terms of 
the Ricci tensor vanish. The indices for such terms satisfy i ^ k or j I. There 
are several index cases that force terms to vanish: 

(1) impossible indexing situations, e.g. ga.ku 

(2) both i ^ k and j = I appear in a factor, or both i = I and j = k appear in 
a factor; 

(3) all four indices appear in one metric/metric inverse component. 

Using this list, one can then see by inspection that Rij.kii^), Rij,ki{'^), and Rij^ki{3) 
vanish, so the natural basis for ui„R (or the frame for UT„ R from Lemma 14. ip is 
stably Ricci-diagonal. As before, this means g stays diagonal under the flow. To 
see what these diagonal terms are, just replace k with i and I with j. Most of the 
resulting terms contain factors that obviously vanish, according to the list above, 
and others can be combined. Once this is done, we drop back to two indices. That 
is, write gij and Rij to mean gij,ij and Rij,ij, respectively. This yields 

l<p<i i<q<3 ^"^^^ 3<r<n ^^"^ 

4.3. Ricci flow and the nilsoliton. With this part of the calculation complete, 
we see that the Ricci flow on UT„ K is the system 

(19) 4ff. = E --4 E ^+ E 

'^^ l<p<i i<q<j j<r<n ^J-^ 

for 1 < j < j < 

Example 4.2. When n = 3, UT3R is the familiar Heisenberg group, Nil^. The 
Ricci flow is then the system: 

d _ gi3 d _ gl^ d _ 

-77512 — — , 1t5i3 — , -77923 — — ■ 

dt 523 dt 512523 dt 512 

If we set A = 512, B = 523, and C = 513, then this becomes 

Ia^- -B = - -C = ~— 
dt B' dt A' dt AB" 

which agrees with the equations from Example 12.11 (Those equations were ordered 

differently to agree with the pattern in Section O) 

The goal is now to construct a nilsoliton on each space UT„ M. These exist 
by Lauret's theorem, 13.21 above. The Iwasawa decomposition of the general linear 
group is GL„ M — KAN, where K = 0„ R, A is the abelian subgroup of diagonal 
matrices, and N = UT„ M. The quotient G/K is an irreducible symmetric space of 
non-compact type, and such spaces are all Einstein. But G/K = AN, whose Lie 
algebra is a metric solvable extension of ui„R. Thus, Lauret's theorem applies. 
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Now, due to the complexity of the system (|T9|). we are unable to determine the 
asymptotics of an arbitrary diagonal solution. Thus, we cannot use the blowdown 
method of Section [51 Instead, we must make a suitable ansatz. 

If we picture a diagonal metric as an upper triangular matrix with zeros on the 
diagonal (which is natural, given the indices) , and extrapolate from low-dimensional 
cases, we might suspect that metric components along diagonals of the matrix have 
"the same" behavior, and that this behavior (with respect to time) changes in fixed 
increments from diagonal to diagonal. The components gij along any diagonal have 
the property that the quantity j — i is constant. This means there should be ti — 1 
"different" types of behavior. 

We make the ansatz that the components of the solution corresponding to the 
soliton are of the form 

for some constants aj^i to be determined shortly. Then the right side of 
becomes 

„2 

9p] yij ^ 9rr_ 

l<p<i i<q<j j<r<n ^J'" 

_ Uj-pL "j-l'' 

Z-^ n. +1 — 2(i— p)/n 



l<p<i ^ i<q<j 




The left side is 

dt 

The powers of t cancel, and so we must find aj_i such that 



l<p<i ' i<q<j ^ J 1 j<r<n 

For some A > 0, set 
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Then the right side becomes 

2 

O-j-p j—i 0,1 — i 

l<p<i ^ ^<Q<J j<r<n 

^ 2^ j^j-p-l A'~P 77,2j-2i-2 j^q~i-ljjj~q-l ^ 2^ j-^r-j-l ^r-j 

l<p<i i<q<j j<r<n 

l<p<z 't<.q<.j j<r<n 



n 



E 1- E 1+ E 1 

l<p<i i<q<j j<r<n 



n 

The left side is 



as desired. 
This means 



= ,l-2(j-»)/« 



is a Ricci flow solution on UT„M. To see that g[\) is a soliton, we need to find 
diffeomorphisms r\t of UT„ R such that 

g(t) = tTf,g(\) 

is also a Ricci flow solution. In something of a rfeits ea; machina, we claim that 
these diffeomorphisms are of the form 

for X € UT„M. Considering the coframe from Lemma [4.11 we see that 

p 

%*0jf=E E (x'"-' o r^t){x-^-- o rjt) ■ ■ ■ (x^-P o rjt) 

k=0 i<ri< - <rk<p 
P 

^ 'y ^ ^ ^ ^-(i'l-i)/n2;*^ii~(''2~''i)/"2;''i''2 . . . ^-(p-»'fc)/"j;''*:P 

fc=0 i<ri<---<rfe<p 
P 

_^ 'y ^ ^ ' ^-(p-ffcH ri+ri-i)/n^iri ^rir2 , , , ^rkP 

k=0 i<ri< - <rk<p 
_ ^-(p-i)/nQU^ 
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and so 



i<p<j 



i<p<j 

Now we have 



= 5(0 

as required. Thus, g{t) is an expanding Ricci sohton with respect to the diffeomor- 
phisms {rjt} just described. 

Set ^ = 1. To conclude, we have another theorem. 

Theorem (jl.2p . Let UT„ R be the Lie group of real n x n unitriangular matrices, 
with coordinates as in |j7| ) and coframe {6^^} as in Lemma \4-1\ Then the family 
of metrics g{t) — gij.ij{t) ^ 0*-' , where 



it) ^ 



9i],i3[t) — ^j-i-1 

is a Ricci flow solution on UT„M. The metric g{l) is a nilsoliton with respect to 
the diffeomorphisms rjt, where 

Remark. It would appear that we have constructed a family of soliton metrics {gA\ 
depending on the parameter A, but it is easy to see that there is a Lie algebra 
automorphisir(3 such that gi{t) — $^ • (7^(1), which means they are equivalent 
as required by Theorem 3.5 in [9]. 

Appendix A. Curvature of Lie groups 

In this section, we recall some general facts about the geometry of Lie groups 
with left-invariant metrics, and derive the formula for the Ricci tensor that was 
used above. 

Let (•,•) be a left-invariant metric on a Lie group G, which is equivalent to 
an inner product on the Lie algebra g = Lie(G'). Let V denote the Levi-Civita 
connection for the metric, and Let A, Y, Z,W G g. Recall that a.dx = [A, •], and 
its adjoint with respect to (•, •) is defined by 

((adx)*r,Z) = (y,adx Z). 

Remark. Formulas like those in the following propositions appear throughout the 
literature (e.g., [3] and [4]). Most of these, however, are derived with the goal 
of expressing the various related curvatures with respect to a fixed orthonormal 
basis. As we are working with evolving metrics, with no initial assumptions on 
orthonormality, it is more convenient to have curvature formulas that do not depend 
on an orthonormal basis. 



automorphism <& acts on a left-invariant metric <; by "I" ■ g = ^-i^ ^■)- 
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Proposition A.l. We have the following formulas for V and the Riemannian 
curvature tensor: 

(a) Vjf r = i ( adx Y - (adx)*r - (ady )*X) , 

(b) {R{X,Y)Z,W) = {VxZ,VyW) - {VyZ,VxW) - {V[x^y]Z,W). 

This result is standard, so we omit tire proof. Now, the maps {X, Y) i-^ adx Y 
and {X, Y) i-^ (adx)*y are bilinear maps £) x g — g. Define 

U: QX Q — > g 

{X,Y) ^ -i((adx)*r + (ady)*x) 

This is symmetric, bilinear, and U{X,X) — —{adx)* X . It is useful in computing 
the Riemannian curvature tensor, as we shall see. 

Proposition A. 2. The Riemannian curvature (4, 0)-<ensor on G is given by 
A{R{X,Y)Z, W) 

= 2([X, y], [Z, W]) + {[X, Z], [Y, W]) - ([X, W], [Y, Z\) 

- ( [[X, y] , z] , 14^) + ( [[X, y] , 14^] , z) - ( [[z, ly] , X] , y) + ( [[z, w^] , y] , X) 

+ 4(C/(X, Z), UiJ, W)) - 4(C/(X, W), U{Y, Z)>. 
As a special case, 

{R{X,Y)Y,X) = i||(adjf)*y + (ady)*X|l2-((adx)*X, (ady)*y) 

- lm,Y]f i {[[X,Y],Y],X) - i ([[y,x],x],y) , 

which is the sectional curvature K{X AY) if X and Y are orthonormal. 

The derivation of the first formula is straight-forward, relying mainly on Propo- 
sition [AT] and various Lie bracket manipulations. The second formula follows im- 
mediately from the first. 

Let {ei} be a basis for g. Then we write 

ade; = cjjefc, (adej*ej = a^jCk, (e^, e^) = gi^. 
We can use this to write the above formulas in terms of components. 
Corollary A. 3. (a) IfV^ej ^lij, then 

= \9''\Cj9hn - C'^gj^n - cJg^^)■ 

(b) The components of the Riemann curvature (4,0) -tensor satisfy 

'^Rijkl — '^<^ijC\igpq + (^k^'jl9pq — (^ilC'jk9pq 

~ '^j'^pk9ql + '^j'^pl9qk — <^kl'^pi9qj + '^kl'^pj9qi 

(20) + (a^, + aL)(4 + al)gpq ~ + al){a% + al^)gpq. 

(c) The components of the Ricci curvature (2,0)-tensor satisfy 

ARij — {'^(^iCjj^gpq + (^jCf^gpq — <^km^'ij9pq 

~ '^i'^pj9qm + '^ki'^pm9qj ~ '^m'^pk9qi + '^m'^pi9qk 

(21) + {a% + a%){a1^ + al,)gpq - {al^ -t- af„,)(af^. -t- a},)5p,)/'". 
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(d) The sectional curvature K{ei A ej) satisfies 

(e) r/ie scalar curvature satisfies 

45* = {'^^i'^jm9pq + '^j'^imdpq ~ '^m'^ijdpq 

~ ^i'^pjdqm + (^ki^pmSqj ~ '^m'^pkdqi + '^m^pi9qk 

+ + -%M,n + <..)9pq - («L + «Lfc)(4 + 4).9p.)5^'/"- 

We finally note that the "adjoint structure constants" a^j can be expressed in 
terms of c^j and gij , by using the definition of ad* : 

(22) a^_,-=c,I75,m5''- 

This formula makes it possible to eliminate the a*j- from the curvature formulas. 
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